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Abstract
Blaschke’s original question regarding the local determination of zonoids (or projection bodies) has been
the subject of much research over the years. In recent times this research has been extended to include
intersection bodies and it has been shown that neither zonoids nor intersection bodies have local characteri-
zations. However, it has also been proved that both these classes of bodies admit equatorial characterizations
in odd dimensions, but not in even dimensions. The proofs of these results were mostly analytic using prop-
erties of associated spherical integral transforms, the Cosine transform and the Radon transform.
Here we elaborate a general principle, showing that such local or equatorial characterization problems
are equivalent to corresponding support properties of the spherical operators. We discuss this within a
general framework, for intertwining operators on C∞-functions, and apply the results to further geometric
constructions, namely to certain mean section bodies, to Lq -centroid bodies and to k-intersection bodies.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction
Zonoids are those centrally symmetric convex bodies in Rd , d  2, which can be approx-
imated by sums of line segments. Alternatively, full-dimensional zonoids K can be described
as projection bodies, that is, after translating the center of K to the origin o, there is an (ori-
gin symmetric) body M such that, for each direction x in the unit sphere Sd−1, the support
value hK(x) of K equals the content of the projection of M onto the orthogonal hyperplane x⊥.
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P. Goodey, W. Weil / Advances in Mathematics 227 (2011) 1144–1164 1145Blaschke [2,3] repeatedly asked for local characterizations of zonoids, a question which was fur-
ther mentioned by Bolker [4]. Weil [31] showed that such a local characterization does not exist
by constructing a smooth centrally symmetric body K which is not a zonoid, but, locally, behaves
like one. Namely, for each point x ∈ Sd−1 there is a neighborhood U(x) ⊂ Sd−1 and a zonoid
M = Mx such that M and K have the same boundary points with outer normals in U(x). As a
consequence, Weil asked for an equatorial characterization, namely one where the neighborhood
U(x) is replaced by an equatorial band, a neighborhood U(x⊥) of the equator x⊥ ⊂ Sd−1. In
1988, Panina [24] showed that, in even dimensions d , such an equatorial characterization exists.
Goodey and Weil [11] obtained the same result by largely different methods, using support prop-
erties of the spherical Radon transform. The case of odd dimensions d  3 stayed open for a long
time until Nazarov, Ryabogin and Zvavitch [23] showed that in such dimensions an equatorial
characterization is not possible.
In the same paper [23], the authors also study intersection bodies. These were first introduced
by Lutwak [19]. A centrally symmetric star body K ⊂ Rd is an intersection body (of another
symmetric star body M), if, after translating the centers of K and M to o, the value of the radial
function rK(x) of K is equal to the content of the central section M ∩ x⊥ of M , for all x ∈ Sd−1.
Because of a certain duality between convex bodies and star bodies (linking support functions
with radial functions, projections with sections and projection bodies with intersection bodies),
similar questions about local or equatorial characterizations of intersection bodies can be posed.
In accordance with the results on zonoids, Nazarov, Ryabogin and Zvavitch [23] showed that
there is no local characterization of intersection bodies and also, in odd dimensions, no equatorial
one (the fact, that in even dimensions an equatorial characterization is possible, already follows
from the results in [11]).
All the results we have mentioned so far, for projection bodies or intersection bodies, are
actually of an analytic nature. Namely, a convex body K ⊂ Rd is a zonoid (with center at o), if
and only if
hK = Cρ,
for a positive (even) measure ρ on Sd−1, where
C : C∞e
(
Sd−1
)→ C∞e (Sd−1),
defined by
Cf (x) =
∫
Sd−1
∣∣〈x,u〉∣∣f (u)du, x ∈ Sd−1,
denotes the Cosine transform, a linear, continuous and bijective transform on the Banach space
C∞e (Sd−1) of even C∞-functions. This self-adjoint operator can be extended by duality to even
distributions (which include even measures). Similarly, an origin symmetric star body K is an
intersection body, according to a slight generalization of this notion due to Goodey, Lutwak and
Weil [9], if and only if
rK = Rμ,
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R : C∞e
(
Sd−1
)→ C∞e (Sd−1),
defined by
Rf (x) =
∫
Sd−1∩x⊥
f (u)du, x ∈ Sd−1,
denotes the (spherical) Radon transform. R is, again, a linear, continuous and bijective transform
on the even C∞-functions, which can be extended by duality to even distributions. In addition,
C and R have an intertwining property. For a function f on Sd−1 and a rotation θ ∈ SO(d), we
define the rotation fθ of f by fθ (u) = f (θ−1u) for all u ∈ Sd−1. A spherical operator T is called
intertwining, if, for any rotation θ ∈ SO(d) and any function f on Sd−1 for which Tf is defined,
we have
Tfθ = (Tf )θ .
As it was shown in [11], the existence of local or equatorial characterizations of zonoids is
closely connected to the support properties of the Cosine transform C, namely by the way the
support of the image Cf is related to the support of the function f . Support properties of the
Radon transform are also implicit in the treatment of intersection bodies in [23]. Our objective,
in this paper, is to extend the results of [31,24,11,23] to quite general spherical operators T
and remove, at the same time, the symmetry condition. As we shall see, for such operators T ,
the existence of a local characterization of images Tf , f  0, is equivalent to a local support
property of T , and the existence of an equatorial characterization is equivalent to an equatorial
support property. Since it is easy to see that the Cosine transform C and the Radon transform
R do not satisfy a local support property, this shows immediately that zonoids and intersection
bodies do not admit a local characterization. The well-known inversion formulas for C and R in
even dimensions imply that the equatorial support property is satisfied (see [11, Proposition 5.2]).
In odd dimensions, it follows from a result of Schneider and Weil [29] (see [11, Proposition 5.3]
and the lines following the proposition) that these operators do not satisfy the equatorial support
property. Therefore, our results will directly imply that zonoids and intersection bodies allow an
equatorial characterization in even dimensions, but not in odd ones.
We are grateful to the referee for the helpful comments on an earlier version of this manuscript.
2. Setup and main results
In the following, we first consider a linear, continuous and bijective operator T on the Banach
space C∞(Sd−1) of C∞-functions on Sd−1. If T is intertwining, we see that constant functions
are mapped to constant functions. We may then re-scale T so that T 1 = 1, since T 1 = 0 due to
the bijectivity of T . For convenience, we refer to these operators as standard operators. Thus a
standard operator T : C∞(Sd−1) → C∞(Sd−1) is linear, continuous, bijective, intertwining and
satisfies T 1 = 1. The simplest examples of standard operators are the identity operator I and the
reflection operator I ∗, which maps each function f to its reflection f ∗ in the origin. We remark
that, by the Open Mapping Theorem, a standard operator is bi-continuous (see, for example,
[30, Ch. 17, Cor. 1]). We also remark that a standard operator T is self-adjoint, that is, it satisfies
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Sd−1
Tf (u)g(u)du =
∫
Sd−1
f (u)T g(u)du, (2.1)
for all f,g ∈ C∞(Sd−1). In the sequel, all operators occurring are supposed to be standard oper-
ators, unless stated otherwise.
We say that T has the local positivity property, if T satisfies:
(LP) If f ∈ C∞(Sd−1) is a function such that, for each x ∈ Sd−1, there is  = (x) > 0 and a
function g = gx, ∈ C∞(Sd−1), g  0, with Tf = T g on the (open) -neighborhood U(x)
of x, then it follows that f  0.
T has the equatorial positivity property, if the following holds:
(EP) If f ∈ C∞(Sd−1) is a function such that, for each x ∈ Sd−1, there is  = (x) > 0 and
a function g = gx, ∈ C∞(Sd−1), g  0, with Tf = T g on the -neighborhood U(x⊥)
of x⊥, then it follows that f  0.
Furthermore, we say that T has the local support property, if:
(LS) For every f ∈ C∞(Sd−1), we have suppf ⊂ suppTf or suppf ⊂ suppTf ∗,
and T has the equatorial support property, if:
(ES) For every f ∈ C∞(Sd−1) with suppTf ⊂ U(x),  > 0, x ∈ Sd−1, we have suppf ⊂
U(x
⊥).
Here, suppf denotes the support of a function f .
The following are our main results.
Theorem 2.1. A standard operator T on C∞(Sd−1) has the local positivity property, if and only
if it has the local support property.
Theorem 2.2. A standard operator T on C∞(Sd−1) has the equatorial positivity property, if and
only if it has the equatorial support property.
Remark. A standard operator T cannot have both properties, (LS) and (ES). Namely, if f ∈
C∞(Sd−1) is such that Tf has support in a small symmetric cap U(±x),  < 1/2 (and Tf = 0),
(LS) implies suppf ⊂ U(±x). But (ES) would imply suppf ⊂ U(x⊥), hence f = 0, a contra-
diction to the bijectivity of T .
The proofs of Theorems 2.1 and 2.2 are given in the next section. In Section 4 we shall see that
the situation changes significantly if we consider operators T on continuous functions (instead
of operators on C∞-functions). There, we will prove that the local support property implies that
T is trivial (i.e., up to a reflection, T is the identity). In Section 5, motivated by applications to
mean section bodies (see [10]), we study operators on centered functions (the latter are functions
with centroid at o). In Section 6, we return to operators T on the Banach space C∞e (Sd−1)
of even functions and show that the analogues of Theorems 2.1 and 2.2 still hold true in this
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for example to Lp-intersection bodies (see [14,15]) and to k-intersection bodies as introduced by
Koldobsky [16].
We have already mentioned that some geometric applications require us to leave the frame-
work of C∞-functions and to work with distributions. We therefore remark that a standard
operator T has a linear extension T˜ to the dual space D(Sd−1) = (C∞(Sd−1))′ of distributions
on Sd−1. T˜ is defined by
(T˜ ρ)(h) = ρ(T h), h ∈ C∞(Sd−1),
and is a bijection on D(Sd−1). We prefer not to discuss this extension to distributions in full
generality, and will keep the necessary additional considerations to a minimum. We therefore
only formulate a local and an equatorial positivity property for T˜ :
(L˜P) If ρ ∈ D(Sd−1) is a distribution such that, for each x ∈ Sd−1, there is  = (x) > 0 and a
distribution η = ηx, ∈ D(Sd−1), η 0, with T˜ ρ = T˜ η on the -neighborhood U(x) of x,
then it follows that ρ  0.
(E˜P) If ρ ∈ D(Sd−1) is a distribution such that, for each x ∈ Sd−1, there is  = (x) > 0 and
a distribution η = ηx, ∈ D(Sd−1), η  0, with T˜ ρ = T˜ η on the -neighborhood U(x⊥)
of x⊥, then it follows that ρ  0.
Here, T˜ ρ = T˜ η on an open set A ⊂ Sd−1 means that (T˜ ρ)(h) = (T˜ η)(h), for all h ∈ C∞(Sd−1)
with supph ⊂ A; and ρ  0, for a distribution ρ, means ρ(h)  0, for all h ∈ C∞(Sd−1) with
h 0. We also recall that a distribution ρ  0 is a (finite, nonnegative) measure.
Since T is self-adjoint, the following remark is obvious.
Remark. If T˜ satisfies (L˜P) (resp. (E˜P)), then T satisfies (LP) (resp. (EP)).
3. Proofs of Theorems 2.1 and 2.2
Let us first assume that T has the local support property and show that this implies the local
positivity property. This follows from the above remark and the following simple lemma.
Lemma 3.1. If T : C∞(Sd−1) → C∞(Sd−1) is a standard operator satisfying (LS), then the
extended operator T˜ : D(Sd−1) → D(Sd−1) satisfies (L˜P).
Proof. Let ρ ∈ D(Sd−1) be given and assume that, for each x ∈ Sd−1, there is  = (x) > 0 and
a distribution ηx, ∈ D(Sd−1), ηx,  0, with T˜ ρ = T˜ ηx, on the -neighborhood U(x) of x. We
want to show that ρ  0. For this purpose, we consider a function h ∈ C∞(Sd−1), h 0, and aim
to show that ρ(h) 0. Let δ = δ(x) = min{(x), (−x)}. Then Uδ(x) = −Uδ(−x) and the caps
Uδ(x), x ∈ Sd−1, cover Sd−1. By the compactness of Sd−1 and a partition of unity argument, we
may assume that h is supported by one of the caps Uδ(x). By the local support property, T −1h
is then either supported on Uδ(x) or on Uδ(−x). In the first case,
ρ(h) = (T˜ ρ)(T −1h)= (T˜ ηx,)(T −1h)= ηx,(h) 0.
P. Goodey, W. Weil / Advances in Mathematics 227 (2011) 1144–1164 1149In the second case, we obtain the same result using the distribution η−x, . Hence, (L˜P) is satis-
fied. 
We have formulated Lemma 3.1 with a view to the later applications to zonoids and inter-
section bodies. In the context of Theorem 2.1, we note that replacing the distribution ρ by a
function f ∈ C∞(Sd−1) (a special distribution with f (h) = ∫
Sd−1 f (u)h(u)du), the above tech-
niques yield a direct proof of the implication (LS) ⇒ (LP).
Now we assume that T has property (LP). In order to obtain the local support property (LS),
we proceed, as in [23], to first prove the following lemma, which pertains to all standard opera-
tors.
Lemma 3.2. If T : C∞(Sd−1) → C∞(Sd−1) is a standard operator, then for all x, ξ ∈ Sd−1,
x = ±ξ , there is  = (x, ξ) > 0 and a function g = g,x,ξ ∈ C∞(Sd−1) such that g(ξ) = 0 and
T g = 0 on U(x).
Proof. Assume the assertion is wrong. Then, there is a pair x1, ξ1 ∈ Sd−1, x1 = ±ξ1, such that,
for all  > 0 and all g ∈ C∞(Sd−1) such that T g = 0 on U(x1) we have g(ξ1) = 0. Now let
x ∈ Sd−1 be arbitrary and choose a rotation ϑ ∈ SO(d) with x = ϑx1. Then, the intertwining
property of T implies that, for x and ξ = ϑξ1, any function f ∈ C∞(Sd−1) which vanishes in a
neighborhood of x satisfies T −1f (ξ) = 0. Choosing a further rotation ρ ∈ SO(d) with ρx = x,
we obtain, now from the intertwining property of T −1, that T −1f (ρξ) = 0, hence T −1f = 0 on
the (d − 2)-dimensional sphere
σ(x,α) = {η ∈ Sd−1: 〈η,x〉 = α},
where α = 〈ξ, x〉 = 〈ξ1, x1〉 ∈ (−1,1).
Now, choose x0 ∈ Sd−1 and  < cos−1 α. Let f ∈ C∞(Sd−1) be positive at x0 but zero outside
U(x0). As we just proved, T −1f = 0 on σ(x,α), for each x outside the closure of U(x0), and
therefore also for all x /∈ U(x0). But⋃
x /∈U(x0)
σ (x,α) = Sd−1,
hence T −1f is the zero function, a contradiction. 
To continue with the proof of Theorem 2.1, we assume that the local support property (LS)
fails. This shows the existence of a function g with suppg ⊂ suppT g and suppg ⊂ suppT g∗.
Consequently, there are points y, z ∈ Sd−1 and neighborhoods U(y), U(z) such that T g = 0
on U(y), T g
∗ = 0 on U(z) and g(y) = 0, g(z) = 0. Due to the intertwining property, we may
choose a suitable rotation and obtain a function gx with gx(x) > 0 and T gx = 0 on U(x). Also,
with another rotation, we obtain a function g−x with g−x(x) > 0 and T g−x = 0 on U(−x).
Now, we fix a point ξ0 ∈ Sd−1. Applying Lemma 3.2 to the pair x, ξ0, for x ∈ Sd−1, x = ±ξ0,
we obtain constants x > 0, cx > 0 and a function gx ∈ C∞(Sd−1) with gx  cx in Ux (ξ0)
and T gx = 0 in Ux (x). By the above considerations, this also holds for the cases x = ξ0 and
x = −ξ0. Using a compactness argument for the families {gx : x ∈ Sd−1}, {Ux (x): x ∈ Sd−1},
and {cx : x ∈ Sd−1}, we see that actually a finite family of such functions is sufficient and that
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an upper bound C > 0 for the supremum norm ‖gx‖ of gx , x ∈ Sd−1.
Now, let g ∈ C∞(Sd−1) satisfy g(ξ0) = 0 and g  0 with g > C + c outside U(ξ0). We
put f = g − c, then f (ξ0) = g(ξ0) − c < 0. On the other hand, fx = f + gx satisfies fx =
g + gx − c > gx + C  0 outside U(ξ0) and fx = g − c + gx  0 on U(ξ0). Hence fx  0.
Since Tfx = Tf + T gx = Tf on U(x), we see that T does not satisfy (LP), and so the proof of
Theorem 2.1 is complete.
The proof that the equatorial support property (ES) implies (EP) is analogous to the one in the
local case. Again, we first show more generally that (ES) implies (E˜P).
Lemma 3.3. If T : C∞(Sd−1) → C∞(Sd−1) is a standard operator satisfying (ES), then the
extended operator T˜ : D(Sd−1) → D(Sd−1) satisfies (E˜P).
Proof. Let ρ ∈ D(Sd−1) be given and assume that, for each x ∈ Sd−1, there is  = (x) > 0 and
a distribution ηx, ∈ D(Sd−1), ηx,  0, with T˜ ρ = T˜ ηx, on the -neighborhood U(x⊥) of x⊥.
In order to show that ρ  0, we again consider a function h ∈ C∞(Sd−1), h  0, supported by
one of the caps U(x). By the equatorial support property, T −1h is then supported on U(x⊥).
Therefore
ρ(h) = (T˜ ρ)(T −1h)= (T˜ ηx,)(T −1h)= ηx,(h) 0.
Hence, (E˜P) is satisfied. 
As previously, a direct proof of the implication (ES) ⇒ (EP) follows, if we replace the above
distribution ρ by a function f ∈ C∞(Sd−1).
For the other direction, we again proceed, as in [23], by first proving the following lemma.
Lemma 3.4. If T : C∞(Sd−1) → C∞(Sd−1) is a standard operator, then for all x, ξ ∈ Sd−1,
x = ±ξ , there is  = (x, ξ) > 0 and a function g = g,x,ξ ∈ C∞(Sd−1) such that g(ξ) = 0 and
T g = 0 on U(x⊥).
Proof. Assume that the assertion is wrong. Then, for a given intertwining and bijective T , there
is a pair x1, ξ1 ∈ Sd−1, x1 = ±ξ1, such that, for all  > 0 and all g ∈ C∞(Sd−1) such that T g = 0
on U(x
⊥
1 ) we have g(ξ1) = 0. Now let x ∈ Sd−1 be arbitrary and choose ϑ ∈ SO(d) with x =
ϑx1. The intertwining property implies that, for x and ξ = ϑξ1, any function f ∈ C∞(Sd−1)
which vanishes in a neighborhood of x⊥ satisfies T −1f (ξ) = 0. Choosing a further rotation
ρ ∈ SO(d) with ρx = x, we obtain from the intertwining property of T −1 that T −1f (ρξ) = 0,
hence T −1f = 0 on the (d − 2)-dimensional sphere
σ(x,α) = {η ∈ Sd−1: 〈η,x〉 = α},
where α = 〈ξ, x〉 = 〈ξ1, x1〉 ∈ (−1,1).
Now, choose x0 ∈ Sd−1 and  < cos−1 α. Let f ∈ C∞(Sd−1) be positive at x0 but zero outside
U(x0). As we just proved, T −1f = 0 on σ(x,α), for each x outside the closure of U(x⊥) and0
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x /∈U(x⊥0 )
σ (x,α) = Sd−1,
hence T −1f is the zero function, a contradiction. 
In order to proceed with the proof of Theorem 2.2, we now assume that the equatorial support
property does not hold for T . We fix a point ξ0 ∈ Sd−1. Applying Lemma 3.4 to the pair x, ξ0,
for x ∈ Sd−1, x = ±ξ0, we obtain constants x > 0, cx > 0 and a function gx ∈ C∞(Sd−1) with
gx  cx in Ux (ξ0) and T gx = 0 in Ux (x⊥). In the case that x = ±ξ0, we first note that the
failure of the equatorial support property shows the existence of a function g and y ∈ Sd−1,
 > 0, such that suppT g ⊂ U(y) and suppg ⊂ U(y⊥). Consequently, there is a point z ∈ Sd−1
and a neighborhood Uδ(z) such that Uδ(z) ∩ U(y⊥) = ∅ and, say, g > cz on Uδ(z), for some
constant cz > 0. This implies Uδ(z⊥) ∩ U(y) = ∅, therefore T g = 0 on Uδ(z⊥). Due to the
intertwining property, we can assume that a suitably rotated function gx satisfies gx > cx > 0
on Uδ(x) and T gx = 0 on Uδ(x⊥). Similarly, with a further rotation, we obtain another function
g−x satisfying g−x > c−x > 0 on Uδ(−x) and T g−x = 0 on Uδ(x⊥).
Now, using the compactness of Sd−1, we see that a finite family of such functions is sufficient
and that the constants x , cx can be replaced by universal constants  > 0, c > 0. Moreover, we
find an upper bound C > 0 for the supremum norm ‖gx‖, x ∈ Sd−1.
Now let g ∈ C∞(Sd−1), with g  0, satisfy g(ξ0) = 0 and g > C + c outside U(ξ0). We
put f = g − c, then f (ξ0) = g(ξ0) − c < 0. On the other hand, fx = f + gx satisfies fx =
g + gx − c > gx + C  0 outside U(ξ0) and fx = g − c + gx  0 on U(ξ0). Hence fx  0.
Since Tfx = Tf + T gx = Tf on U(x⊥), we see that T does not have property (EP).
This completes the proof of Theorem 2.2.
4. Continuous functions
We have seen that self-adjointness allows us to extend our operators T from C∞ functions to
distributions and then obtain results such as Lemmas 3.1 and 3.3 for these extensions. However,
for operators on continuous functions, the implication of Theorem 2.1 changes very significantly.
Let C(Sd−1) be the Banach spaces of continuous functions on Sd−1. Again, we speak of a bi-
jective, bi-continuous, linear and intertwining operator T : C(Sd−1) → C(Sd−1), with T 1 = 1
as a standard operator. We define the properties (LP) and (LS) as before and see that the proof
of their equivalence carries over to this situation. Rather surprisingly, we now find that the local
support property implies that the operator is trivial.
Theorem 4.1. If a standard operator T on C(Sd−1) has the local positivity property (LP), then
either T = I or T = I ∗.
Proof. If T has the local positivity property (LP), it also satisfies (LS).
In order to show that T = I or T = I ∗, let f ∈ C(Sd−1), x ∈ Sd−1 and put c = Tf (x). Then,
there are sequences gi ∈ C(Sd−1) and i → 0 with gi → Tf and gi − c = 0 on Ui (x). Let
fi = T −1gi . Then,
U (x)∩ suppT (fi − c) = ∅.i
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Ui (x) ∩ supp(fi − c) = ∅
or
Ui (−x)∩ supp(fi − c) = ∅
which implies, for each i, either fi(x) = c or fi(−x) = c. Since fi → f , we have, for each
x ∈ Sd−1, either f (x) = c = Tf (x) or f (−x) = c = Tf (x).
We now consider, for a function f ∈ C(Sd−1), its expansion ∑∞n=0 fn into spherical harmon-
ics fn of order n. Since T is intertwining, Tf has harmonic expansion
∑∞
n=0 αnfn, with certain
multipliers αn ∈R. Choosing for f a spherical harmonic f = gn of order n, we see that α2i = 1
and α2i+1 ∈ {−1,1}, i = 0,1,2, . . . . Replacing f with a sum of two spherical harmonics of dif-
ferent odd degrees, shows that either all odd multipliers are 1 or they are −1. This implies that
either T = I or T = I ∗. 
Remark. Theorem 4.1 does not hold for standard operators T : C∞(Sd−1) → C∞(Sd−1). For
example, on even functions, let T be the inverse block operator, T =−1,
= 1 + 1
d − 1 (4.1)
(here  denotes the spherical Laplacian) and put Tf = f for odd functions f . Then T is a
standard operator on C∞(Sd−1). Since  is a continuous, bijective and intertwining operator on
C∞e (Sd−1) (see [11]), the inverse −1 has the same property. The claim suppf ⊂ supp−1f ,
for all f ∈ C∞e (Sd−1), is equivalent to suppg ⊂ suppg, for all g ∈ C∞e (Sd−1), and so, the
local support property is obviously satisfied for T and even functions (also it is trivial for odd
functions). But since −1 = I , the conclusions of Theorem 4.1 do not hold for T .
5. Centered functions
In view of applications to Blaschke–Minkowski endomorphisms of convex bodies, we now
discuss an extension of Theorems 2.1 and 2.2 to standard operators on the subspace C∞o (Sd−1)
of centered functions. Here, a function f ∈ C∞(Sd−1) is called centered, if∫
Sd−1
uf (u)du = o.
As before, a standard operator T : C∞o (Sd−1) → C∞o (Sd−1) is, by definition, continuous, linear,
bijective, intertwining and satisfies T 1 = 1. Also, the properties (LP), (EP), (LS) and (ES) are
defined as before, but with functions f,g ∈ C∞o (Sd−1).
We will now show that Theorems 2.1 and 2.2 still hold in this new setting, if the proofs are
adapted appropriately. However, it seems difficult to obtain the following results directly from
Theorems 2.1 and 2.2.
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only if it has the local support property (LS).
Proof. Let us first assume that (LP) holds. The proof of the local support property again uses the
following lemma.
Lemma 5.2. If T : C∞o (Sd−1) → C∞o (Sd−1) is a standard operator, then for all x, ξ ∈ Sd−1,
x = ±ξ , there is  = (x, ξ) > 0 and a function g = g,x,ξ ∈ C∞o (Sd−1) such that g(ξ) = 0 and
T g = 0 on U(x).
Proof. The proof is identical to the one for Lemma 3.2, if we require that the functions f , g
occurring there are in C∞o (Sd−1). In particular, this can be done for the function f near the
end, which produces the contradiction, since it is possible to find a function f ∈ C∞o (Sd−1) with
f (x0) > 0 and f = 0 outside U(x0). 
The next steps in the proof also can be copied from Section 3 (requiring that all functions
are in C∞o (Sd−1)). Fixing a point ξ0 ∈ Sd−1, we obtain a family {gx : x ∈ Sd−1} of functions in
C∞o (Sd−1) (consisting of only finitely many different members), and constants  > 0, c > 0 such
that gx  c in U(ξ0) and T gx = 0 in U(x). Moreover, we have an upper bound C > 0 for ‖gx‖,
x ∈ Sd−1.
Now, let g ∈ C∞o (Sd−1) satisfy g  0, g(ξ0) = 0 and g > C + c outside U(ξ0) (it is easy to
see that such a function exists). We put f = g−c, then f (ξ0) = g(ξ0)−c < 0. On the other hand,
fx = f +gx satisfies fx = g+gx − c > gx +C  0 outside U(ξ0) and fx = g+gx − c g  0
on U(ξ0). Hence fx  0. Since Tfx = Tf + T gx = Tf on U(x), we see that (LP) is not
satisfied.
As in the proof of Theorem 2.1, we see that (LS) implies (LP). 
Theorem 5.3. A standard operator T on C∞o (Sd−1) has the equatorial positivity property (EP),
if and only if it has the equatorial support property (ES).
Proof. Again the implication from (ES) to (EP) follows with the obvious modifications. For the
reverse direction, we use the following lemma.
Lemma 5.4. If T : C∞o (Sd−1) → C∞o (Sd−1) is a standard operator, for which the equatorial
support property does not hold, then for all x, ξ ∈ Sd−1, there is an  = (x, ξ) > 0 and a
function g = g,x,ξ ∈ C∞o (Sd−1) such that g(ξ) = 0 and T g = 0 on U(x⊥).
Proof. The proof is again identical to the one for Lemma 3.4, if we require that the functions
f , g occurring there are in C∞o (Sd−1). In particular, this can be done for the function f , which
produces the contradiction for x = ±ξ , since it is possible to find a function f ∈ C∞o (Sd−1) with
f (x0) > 0 and f = 0 outside U(x0). 
The remaining steps in the proof can also be copied from Section 4 (requiring that all func-
tions are in C∞o (Sd−1)) if we make the modification explained above (in the proof of Theo-
rem 5.1). 
For an application, we consider the mean section body M2(K), which was introduced and
studied in [10]. For a convex body K , M2(K) is the Minkowski average of all sections of K by
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function of M2(K) is given by
hM2(K)(u) = cd
∫
Sd−1
α(x,u) sinα(x,u)Sd−1(−K,dx), u ∈ Sd−1,
where cd > 0 is a constant, α(x,u) is the smaller angle between x and u and Sd−1(−K, ·) is
the (d − 1)-st surface area measure of −K ; see Schneider [28], for example, for background
information on surface area measures. The corresponding integral operator
m2 : f →
∫
Sd−1
α(x, ·) sinα(x, ·)f (x) dx
is, up to normalization, a standard operator on C∞o (Sd−1); the bijectivity follows from the injec-
tivity which was also shown in [10]. More precisely, the integrals
an(d) =
1∫
−1
(
1 − t2)(d−2)/2 arccos(t)gn(t) dt, n = 0,1,2, . . . ,
for certain Gegenbauer polynomials gn were calculated and the result was
an(d) = (−1)n+1 π(d − 2)2
d−2n!
(n− 1)(n + d − 2)(n + d − 1)!
(
(n+d2 )
(n+22 )
)2
,
for n = 1 and
a1(d) = −2
d(d − 2)
dd!
(

(
d + 1
2
))2
.
For the sequel, it is convenient to transform these coefficients into the multipliers An(d) of
m2 with respect to the n-th degree spherical harmonics. This amounts to replacing the above
Gegenbauer polynomials with Legendre polynomials. Using the well-known relationship be-
tween these, see for example [13, p. 97], we obtain
An(d) = an(d)(n+d−3
d−3
) ,
hence
An(d) = (−1)n+1 π(d − 1)2d
(n−12 )(
n+1
2 )
(n+d+1 )(n+d−1 )
(5.1)2 2
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A1(d) = − 2
d
dd!
(

(
d + 1
2
))2
.
The injectivity of m2 is reflected in the fact that all multipliers An(d) are non-zero (as are the
coefficients an(d)). Actually, this shows that m2 is an injective operator on C∞(Sd−1). Moreover,
from the size of the multipliers, we see that m2 maps C∞(Sd−1) into itself. The self-adjointness
then shows that m2 is bijective. Therefore, the restriction of m2 to the subspace C∞o (Sd−1) is (up
to normalization) a standard operator on C∞o (Sd−1).
Theorem 5.5. In even dimensions d , the operator m2 satisfies (LS) and therefore not (ES). In
odd dimensions d , m2 does not satisfy (LS).
The question whether, in odd dimensions, m2 satisfies (ES), remains open.
Proof of Theorem 5.5. First, let d be even. In order to show that m2 has the local support
property (LS), we will provide an explicit formula inverting m2. It follows from (5.1), in case d
is even, that there is a constant cd such that
An(d) = cd(−1)n+1
(d−2)/2∏
i=0
(n + 2i − 1)−1(n+ d − 2i − 1)−1.
The spherical Laplacian has multipliers −n(n + d − 2) and so each product (n + 2i − 1)(n +
d − 2i − 1) is a linear polynomial in the multipliers of the Laplacian. Furthermore, in the case
i = 0, we have the multiplier (n− 1)(n+ d − 1) of the block operator . Consequently, there is
a polynomial pd such that, for each f ∈ C∞e (Sd−1),
pd()m2(f ) = f.
Similarly,
pd()m2(f ) = −f
for all odd functions f ∈ C∞o (Sd−1). Decomposing an arbitrary function f ∈ C∞o (Sd−1) into its
even and odd parts fe and fo, we obtain(
pd()m2f
)
(x) = fe(x) − fo(x) = f (−x). (5.2)
Now suppose m2f = 0 on U(x). Then f = 0 on U(−x), which implies suppf ⊂ suppm2f ∗
and the local support property is proved.
As was explained in the remark in Section 2, the validity of (LS) implies that (ES) cannot
hold.
Now let d be odd and assume that (LS) holds. Let f ∈ C∞o (Sd−1) be even, f = 0 and such
that m2f = 0 on a neighborhood U(x⊥), for some x ∈ Sd−1. (LS) implies f = 0 on U(x⊥).
For even f , we have m2f = cCRf , with some constant c > 0 (see [10]), hence g = Rf satisfies
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dimensions, this implies g = 0, hence f = 0, a contradiction. 
Combining Theorem 5.5 with Theorem 5.1, we see that (LP) holds for m2 in even dimensions,
but not in odd ones. For mean section bodies, this implies that they cannot be characterized
locally in odd dimensions, but in even dimensions a local characterization exists.
Since mean section bodies need not be smooth, we have to be rather more precise with respect
to this latter statement. Namely, we have to consider the linear extension m˜2 of m2 to the dual
space Do(Sd−1) = (C∞o (Sd−1))′ of C∞o (Sd−1). This extension exists (and is a bijection) since
m2 is a continuous, self-adjoint bijection. The elements of Do(Sd−1) can be identified with the
distributions in D(Sd−1) which vanish on all linear functions. We call these centered distribu-
tions. If ρ ∈ Do(Sd−1) satisfies ρ(h) 0, for all h ∈ C∞o (Sd−1) with h 0, then ρ is a measure
with centroid at the origin o. For a mean section body M2(M) of a convex body M , we then have
hM2(M) = m˜2Sd−1(M, ·).
In analogy to the situation for zonoids and projection bodies (resp., intersection bodies in the
original and the extended sense), it is helpful to extend the notion of mean section body slightly.
Namely, if K is a centered convex body (meaning that K has Steiner point at o), we call K an
(extended) mean section body, if
hK = m˜2ρ,
for some centered measure ρ  0 on Sd−1. As a particular case, if K = M2(M) (and thus ρ =
Sd−1(M, ·)), we say that K is the mean section body of M . It is easy to see that Lemma 3.1 can
be transformed to this situation in such a way that the local support property (LS) for m2 implies
a local positivity property (L˜P) for m˜2.
Hence m˜2 has property (L˜P) in even dimensions. Therefore, if K is a centered convex body
in Rd , d even, such that for each x ∈ Sd−1 there is a neighborhood U(x) ⊂ Sd−1 and a centered
mean section body M2(Mx) of some convex body Mx with
hK = hM2(Mx) on U(x), (5.3)
then K is a mean section body. If the measure ρ = m˜−12 hk is not supported by a subsphere,
then, by Minkowski’s theorem, ρ = Sd−1(M, ·) for some (uniquely determined) centered convex
body M . Hence, in this case, K is the mean section body M2(M) of M .
We can strengthen this result by weakening the assumptions, since the notion of mean section
body M2(M) is not restricted to centered bodies. In particular,
M2(M + t) = M2(M) + 1
d − 1Vd−2(M)t
holds for any convex body M and t ∈ Rd , where Vd−2(M) is the (d − 2)-nd intrinsic volume
of M (see [8, p. 165]). Hence, the translate of a mean section body is a mean section body.
Therefore, it is no restriction to require that the given body K has Steiner point o. However, it
makes a difference if we require (5.3) to hold for a centered body M2(Mx) or for an arbitrary
mean section body M2(Kx). The latter requirement can be formulated analytically as
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where M˜x is centered and lx is some linear function. If (5.4) still implies that K is a mean section
body (in the extended sense), we call this a local characterization of mean section bodies.
Theorem 5.6. In even dimensions d , there is a local characterization of mean section bodies. In
odd dimensions d , no local characterization exists.
Proof. It only remains to discuss the even case. Hence, let d be even and let K be a centered
convex body, such that (5.4) holds. We have to show that hK = m˜2ρ, for some measure ρ  0.
Thus, let ρ be the centered distribution defined by ρ = m˜−12 hK and let ηx , for x ∈ Sd−1, be
the distribution defined by ηx = m˜−12 hM2(M˜x). Then, ηx is a nonnegative measure and condition(5.4) reads
m˜2ρ = m˜2ηx + lx on U(x). (5.5)
We next remark that (5.2) has an immediate extension to centered distributions ρ, namely
pd()m˜2ρ = ρ∗, (5.6)
where ρ∗ is the reflection of ρ, ρ∗(f ) = ρ(f ∗).
It is well known that  annihilates linear functions, and so (5.5) and (5.6) imply
ρ∗ = η∗x on U(x).
Hence, ρ∗ coincides with a nonnegative measure on a family of open caps covering Sd−1. This
implies ρ∗  0 and therefore ρ  0. 
6. Even functions
We now return to the Banach space C∞e (Sd−1) of even C∞-functions and consider standard
operators S on C∞e (Sd−1). These are linear, continuous, bijective and intertwining mappings
S : C∞e
(
Sd−1
)→ C∞e (Sd−1)
which satisfy S1 = 1. Examples are given by the Cosine transform C and the Radon transform R
(both up to a normalizing constant). With the obvious modification of the properties (LP), (LS),
(EP) and (ES), we say that a standard operator S has the local positivity property, if S satisfies:
(LP) If f ∈ C∞e (Sd−1) is a function such that, for each x ∈ Sd−1, there is  = (x) > 0 and a
function g = gx, ∈ C∞e (Sd−1), g  0, with Sf = Sg on U(x), then it follows that f  0.
S has the equatorial positivity property, if the following holds:
(EP) If f ∈ C∞e (Sd−1) is a function such that, for each x ∈ Sd−1, there is  = (x) > 0 and
a function g = gx, ∈ C∞e (Sd−1), g  0, with Sf = Sg on U(x⊥), then it follows that
f  0.
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(LS) For every f ∈ C∞e (Sd−1), we have suppf ⊂ suppTf ,
and S has the equatorial support property, if:
(ES) For every f ∈ C∞e (Sd−1) with suppTf ⊂ U(x) ∪ U(−x),  > 0, x ∈ Sd−1, we have
suppf ⊂ U(x⊥).
In analogy to Theorems 2.1 and 2.2, we obtain the following results. The proofs carry over
with the obvious modifications, namely using symmetric caps and even functions.
Theorem 6.1. A standard operator S on C∞e (Sd−1) has the local positivity property, if and only
if it has the local support property.
Theorem 6.2. A standard operator S on C∞e (Sd−1) has the equatorial positivity property, if and
only if it has the equatorial support property.
We remark that standard operators S on C∞e (Sd−1) also have a linear extension S˜ on the dual
space De(Sd−1) of even distributions, the latter are the elements ρ ∈ D(Sd−1) with ρ = ρ∗. For
S and the extension S˜, Lemmas 3.1 and 3.3 then hold with the corresponding properties (L˜P)
and (E˜P), modified for the even case.
Concerning the Radon transform R and the Cosine transform C, it is easy to see that they do
not satisfy the local support property. Namely, let f ∈ C∞e (Sd−1) be zero on an equatorial zone
Z and non-zero on the corresponding (symmetric) cap U . Clearly, Rf = 0 on U and, by choice,
f = 0 on U , so R does not satisfy (LS). With respect to C, we can use the relation R =C (see,
e.g. [11]), where  is the block operator from (4.1). Actually, we used different normalizations
for  and R in [11], but the relationship R =C continues to be accurate in the current setting.
Now choose g ∈ C∞e (Sd−1) with g = 0 on Z and g = 0 on U . Then Cg =Cg = Rg = 0
on U , but, again by choice, g = 0 on U . Hence C does not satisfy (LS). Thus, Theorem 6.1
implies that R and C also do not satisfy the local positivity property. Therefore, zonoids and
intersection bodies do not admit a local characterization. To be more specific here, the analytic
result shows that there exists an origin symmetric convex body K which is not a zonoid but has
the property that to each direction x ∈ Sd−1 there exists a neighborhood U(x) and a zonoid
Mx , also with center at o, such that hK = hMx on U(x) (which implies that also hK = hMx on
U(−x)). Notice that this is stronger than the corresponding statement which we made in the
introduction, where we did not require that the zonoid Mx has its center at o. A similar remark
holds true for intersection bodies.
With respect to equatorial determination, the well-known inversion formulas for C and R
in even dimensions d imply that the equatorial support property is satisfied (see [11, Proposi-
tion 5.2]). Therefore, Theorem 6.2 implies that, in even dimensions, C and R have the equatorial
positivity property which, in turn, implies that zonoids and intersection bodies allow an equato-
rial characterization. In order to have this result without a smoothness assumption on the bodies,
the analog of Lemma 3.3 mentioned above is important. On the other hand, it follows from a
result by Schneider and Weil [29], that in odd dimensions C and R do not satisfy the equato-
rial support property (see [11, Proposition 5.3] and the lines following the proposition). Hence,
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determined.
We emphasize that the result of [29] was obtained using spherical harmonics. Therefore our
proof of the fact that zonoids and intersection bodies are not equatorially determined in odd
dimensions is different from the one in [23], which uses Fourier transforms.
We will now give some applications of Theorems 6.1 and 6.2 to Lp-intersection bodies
(p < 1) or, equivalently, polar Lq -centroid bodies (q > −1), and to the k-intersection bodies
of Koldobsky [16].
Centroid bodies were introduced by Petty [25]. If S is a star body containing the origin in its
interior, its centroid body S is the zonoid with support function given by
hS(u) = 1
V (S)
∫
S
∣∣〈u,x〉∣∣dx.
This was extended (with a different normalization) by Lutwak and Zhang [20] to Lp-centroid
bodies,
h
p
pS
(u) = 1
V (S)
∫
S
∣∣〈u,x〉∣∣p dx
for p  1. Again these are convex bodies, even though S is not necessarily convex. This notion
was further extended by Gardner and Giannopoulos [6]. The radial function of the polar dual ∗pS
of pS is, after changing to polar coordinates and with a suitable normalizing constant c > 0,
given by
r
−p
∗pS(u) = c
∫
Sd−1
∣∣〈u,v〉∣∣prd+pS (v) dv, u ∈ Sd−1.
As noted in [6], this definition now makes sense for p > −1 (and non-zero), however the body
∗pS may no longer be convex. Yaskin and Yaskina [32] investigated ∗pS further, for −1 <
p < 1, with a particular emphasis on the case p = 0, where the definition is different from the
case p = 0. The polars of p-centroid bodies are also known as Lq -intersection bodies (with
p + q = 0). For p < 1, the Lp-intersection body, IpS, of the origin symmetric star body S was
introduced by Haberl and Ludwig [15]. It is a dilate of ∗−pS, we will define it by
r
p
IpS
(u) = 1
2(1 − p)
∫
S
∣∣〈x,u〉∣∣−p dx
= 1
2(d − p)(1 − p)
∫
Sd−1
∣∣〈v,u〉∣∣−prd−pS (v) dv. (6.1)
Here, we have used a slightly different normalization from [15] but it is very close to the one
used in [14]. With this definition, we have (in the usual radial metric) limp→1− IpS = IS where
IS is the classical intersection body introduced by Lutwak [19] (as described in our introduc-
tion), see [14] or [18], for example. Busemann [5] had shown that intersection bodies of convex
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not intersection bodies was fundamental to the solution of the Busemann–Petty problem, see
Gardner, Koldobsky and Schlumprecht [7] and Koldobsky [18]. In recent times, Berck [1] has
shown that, if S is an origin symmetric convex body, then IpS is convex for −1 < p < 1, p = 0.
Our objective here will be to show that Lp-intersection bodies (and therefore also Lq -centroid
bodies, q = −p) are not locally determined and that they are equatorially determined only in the
case that d − p is an odd integer.
For 1 k < d , k-intersection bodies were introduced by Koldobsky [16] to aid in the study of
variations of the Busemann–Petty problem. If S and T are origin symmetric star bodies in Rd ,
S is said to be the k-intersection body of T if
Vk
(
S ∩H⊥)= Vd−k(T ∩ H)
for every (d − k)-dimensional subspace H of Rd . It is easy to see that 1-intersection bodies
are intersection bodies. If S is an origin symmetric star body, its Minkowski functional ‖ · ‖S is
defined by
‖x‖S = min{t  0: x ∈ tS}, x ∈Rd .
For unit vectors x, it is the reciprocal of the radial function rS(x). Koldobsky showed that S is a
k-intersection body precisely when the Fourier transform (‖ · ‖−kS )∧ of ‖ · ‖−kS is a positive distri-
bution on Rd , see [16] or [18, Theorem 4.8]. In some sense, k-intersection bodies can be viewed
as an extension of the notion of Lp-intersection body to the cases 1 p < d . Our objective is,
again, to show that they are not locally determined, and are equatorially determined only in the
case d −k is an odd integer. We note that a different notion of k-intersection body was introduced
by Zhang [33], however we will not discuss this. The papers [21] and [22] of Milman provide
a comparison of these notions and, in particular, show that, despite many similarities, they are
different classes of sets.
Our results, for Lp-intersection bodies and k-intersection bodies, will arise from a study of
operators defined using the Fourier transform techniques of Koldobsky [18]. We will find it
convenient to use the notation of the paper [12] of Goodey, Yaskin and Yaskina. In that paper,
the operator Ip acting on C∞e (Sd−1) was defined in terms of certain Fourier transforms. For
any p < d and f ∈ C∞e (Sd−1), Ipf denotes the restriction to Sd−1 of the Fourier transform of
the homogeneous degree −d + p extension of f to Rd \ o. These two uses of the operator Ip ,
firstly on star bodies (as defined in (6.1)) and secondly on C∞e (Sd−1) are, of course, related. This
relationship, as can be seen from the discussion below (and (6.1)), is
r
p
IpS
(u) = sinπp/2
π(d − p)
(
Ipr
d−p
S
)
(u), u ∈ Sd−1,
for p < 1 and not an even integer. In the case that p = 0,−2,−4, . . . , we will prove that
Ip : C∞e (Sd−1) → C∞e (Sd−1) is a multiple of a standard operator. Its inverse is, of course, again
obtained using Fourier transforms and is a multiple of Id−p . Similar inversion results can be
found, for example, in Haberl [14], Koldobsky [17] and Rubin [26].
Theorem 6.3. For p < d and p = 0,−2,−4, . . . , the operator Ip : C∞e (Sd−1) → C∞e (Sd−1)
does not satisfy (LS). It satisfies (ES) precisely when d − p is an odd integer.
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butional) Fourier transform of the homogeneous degree −d + p extension of f to Rd \ o. For
0 < p < 1, we have
Ipf (ξ) = (p) cos p2 π
∫
Sd−1
∣∣〈ξ, v〉∣∣−pf (v) dv for ξ ∈ Sd−1. (6.2)
The operator Ip , acting on C∞e (Sd−1), is then extended to all complex numbers p except
p = 0,−2,−4, . . . by analytic continuation. This means that, for any given test function φ, the
mapping from p to the action of Ipf on φ is analytic. It is clear that Ip is an intertwining operator
and it is shown in [12] that its eigenfunctions are the spherical harmonics and that, for harmonics
of degree m (even), the eigenvalue is
λm(d,p) = 2
pπd/2(−1)m/2((m + p)/2)
((m + d − p)/2) . (6.3)
In (6.3) the gamma function is, as usual, extended by analytic continuation to all reals except the
non-positive integers. As noted in [12], an application of Stirling’s formula shows that, for fixed
d and p,
∣∣λm(d,p)∣∣∼ cd,pm(2p−d)/2, as m → ∞.
This polynomial bound (in terms of m) can easily be used to prove that Ip : C∞e (Sd−1) →
C∞e (Sd−1). Furthermore, it also follows from (6.3) that the eigenvalues are non-zero, for p < d
and p = 0,−2,−4, . . . . Thus, for these values of p, Ip is bijective and therefore a multiple of a
standard operator. It also follows from (6.3) that I−1p is a multiple of Id−p .
As explained in [18] or [12], (6.2) holds for all p < 1 except p = 0,−2,−4, . . . . For the
negative odd integers p, the pole of (p) is removed by the zero of cospπ/2 and, for these p,
we have
Ipf (ξ) = (−1)(p−1)/2 π2(−p)!
∫
Sd−1
∣∣〈ξ, v〉∣∣−pf (v) dv for ξ ∈ Sd−1. (6.4)
For p  1, the formulation of Ipf is more complicated and requires regularization techniques,
again we refer to [18] or [12] for the details. For a fixed p  1, we define the integer n  0 by
0 < 2n+ 1 p < 2n+ 3. Then, for f ∈ C∞e (Sd−1), these regularization methods show that
Ipf (ξ) = 2(p) cos p2 π
[ 1∫
0
t−p
(
Fξ (t)−
n∑
i=0
F
(2i)
ξ (0)
(2i)! t
2i
)
dt
+
n∑ F (2i)ξ (0)
(2i + 1 − p)(2i)!
]
. (6.5)i=0
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Fξ (t) =
(
1 − t2)(d−3)/2 ∫
Sd−1∩ξ⊥
f
(
tξ +
√
1 − t2ζ )dζ, −1 t  1. (6.6)
Eq. (6.5), in case p = 2n + 1, is interpreted by taking limits (as p → 2n + 1) and yields, for
p = 1,3, . . . ,
Ipf (ξ) = (−1)(p−1)/2πF (p−1)ξ (0). (6.7)
We note, in passing, that (6.7) shows that, up to multiplication, I1 is the Radon transform and
that this observation is in accordance with the fact that limp→1− IpS = IS.
For our purposes, it will be important to note that if f vanishes on a neighborhood of ξ⊥, then
Fξ vanishes in a neighborhood of 0 and so, for p  0 not an odd integer, we deduce from (6.5)
that
Ipf (ξ) = (p) cos p2 π
∫
Sd−1
∣∣〈ξ, v〉∣∣−pf (v) dv. (6.8)
To show that Ip does not satisfy (LS), we choose g ∈ C∞e (Sd−1) with g  0 and g = 0 on the
symmetric cap Uε(±x) and, in case, d−p is not an odd integer, g = 0 on Uε(x⊥). The bijectivity
properties of Ip show that there is an f ∈ C∞e (Sd−1) with g = Ipf . We let Gx be related to g as
in Eq. (6.6) and note that, since g = 0 on Uε(x⊥) we have Gx = 0 in a neighborhood of 0. So,
using (6.8) and (6.3), we have
f (x) = (2π)−dId−pg(x)
= (2π)−d(d − p) cos (d − p)
2
π
∫
Sd−1
∣∣〈x, v〉∣∣−d+pg(v) dv = 0.
Thus Ipf = 0 on Uε(±x) and yet f = 0 on Uε(±x). It follows that Ip does not satisfy condition
(LS) if d − p is not odd. In the case that d − p is odd, we can reach the same conclusion. This
time we choose g ∈ C∞e (Sd−1) to vanish on Uε(±x) and with G(d−p−1)x (0) = 0. We then use
(6.7) for f with g = Ipf to see that f = 0 on Uε(±x).
For the equatorial support property, the ideas are similar, however here we will have a positive
result. First, we note that our previous discussion of Ip , with d − p not odd, provided an f ∈
C∞e (Sd−1) with Ipf = 0 on a neighborhood of x⊥ and f = 0 on a neighborhood of ±x. Thus
Ip does not satisfy (ES) if d −p is not odd. In case d −p is odd, we assume that f ∈ C∞e (Sd−1)
satisfies Ipf = 0 on Uε(x⊥). Then if g = Ipf , we use (6.7) to see that for y ∈ Uε(±x)
f (y) = (2π)−dId−pg(y) = (−1)(d−p−1)/22−dπ−d+1G(d−p−1)y (0) = 0,
and so Ip satisfies (ES). 
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be an Lp-intersection body if its radial function is given by
r
p
S (u) =
∫
Sd−1
∣∣〈u,v〉∣∣−p μ(dv), u ∈ Sd−1 (6.9)
for some (positive) even measure μ on Sd−1. This defines a slightly larger class than the class of
bodies which are Lp-intersection bodies of other star bodies and corresponds to the extension of
the notion of intersection body which was given in [9] and mentioned in our introduction.
As an immediate consequence of (6.9), (6.2), (6.4) and Theorem 6.3 we obtain the following
result.
Theorem 6.4. For p < 1 and not an even integer, there is no local characterization of Lp-
intersection bodies and Lq -centroid bodies, q = −p. These bodies admit an equatorial charac-
terization precisely when d − p is an odd integer.
An analogous situation holds for k-intersection bodies.
Theorem 6.5. For 1 k < d , there is no local characterization of k-intersection bodies. These
bodies admit an equatorial characterization precisely when d − k is an odd integer.
Proof. Restricting our attention to smooth bodies, we recall that an origin symmetric star body
is a k-intersection body precisely when (‖ · ‖−kS )∧ is a positive distribution. In terms of our
functional operators Ip and radial functions, this is equivalent to requiring that rkS be of the form
rkS = Ikf for some positive function f ∈ C∞e
(
Sd−1
)
. (6.10)
To see this, note that (6.10) holds precisely if(‖ · ‖−kS )∧∣∣Sd−1 = Id−k‖ · ‖−kS = Id−krkS = (2π)df  0.
Combining this with (6.9), (6.2) and (6.4), we see that, for 1 k < d , (6.10) characterizes smooth
k-intersection bodies, whereas, for k < 1 and not an even integer, it is associated with smooth
Lk-intersection bodies. Of course, such observations were already part of Koldobsky’s treatment
of intersection bodies. Our result now follows immediately from Theorem 6.3. 
Remark. The case k = 1 of Theorem 6.5 refers to intersection bodies whereas the case p = −1
of Theorem 6.4 concerns zonoids. In particular this provides a different perspective on why
zonoids and intersection bodies are equatorially determined in even dimensions but not in odd
dimensions. Similar results were obtained by Schlaerth [27], though by rather different methods.
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